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Abstract: Reconsidering the harmonic space description of the self-dual Einstein equations, we 
streamline the proof that all self-dual pure gravitational fields allow a local description in terms 
of an unconstrained analytic prepotential in harmonic space. Our formulation yields a simple 
recipe for constructing self-dual metrics starting from any explicit choice of such prepotential; 
and we illustrate the procedure by producing a metric related to the Taub-NUT solution from 
the simplest monomial choice of prepotential. 

I Introduction 



Many years ago Penrose [Q] pointed out that the twistor transform in flat space remarkably 
yielded itself to a deformation to curved space, providing a construction (in principle) of the 
general self-dual solution of the Einstein equations. Several classes of solutions have been explic- 
^ ■ itly constructed using the twistor technique (e.g.[^]). Further classes of explicit self-dual metrics 

. have been found by finding classes of particular solutions to the second-order partial differential 

\G [ equation to which Plebanski reduced the self-dual Einstein equations (see e.g. the review 0] 

' for details of this approach). 

CP ' The aim of this paper is to describe a somewhat more tractable version of the 'curved twistor 

construction' of local solutions using the harmonic space description. Harmonic spaces were 
originally devised Q as tools for the construction of unconstrained off-shell N = 2 and 3 su- 
persymmetric theories. This involved the 'harmonisation' of the internal unitary automorphism 
Q^' groups G of the Poincare supersymmetry algebra, i.e. the inclusion of harmonics on some coset 

O . of G as auxiliary variables; quantities in conventional superspace being recoverable as coefficients 

in a harmonic decomposition. Subsequent applications have involved harmonic spaces in which 
the rotation group (rather than some internal symmetry group) is 'harmonised', i.e. these har- 
^ . monic spaces are cosets of the Poincare group by a subgroup H of the rotation group. Ordinary 

^ I four-dimensional space, recall, is the coset of the Poincare group by the entire rotation group, 

so these harmonic spaces are basically an enlargement of four-dimensional space by the coset 
of the rotation group by H. Conventional four-dimensional fields are recoverable from fields in 
such harmonic spaces by performing an expansion in the harmonics on the coset space. Such 
harmonic spaces are basically manifestly covariant versions of twistor spaces ; and they can be 
used to construct explicit local solutions by reformulating the Penrose- Ward twistor transform 
in harmonic space language. Moreover, just like twistor spaces, they are amenable to super- 
symmetrisation. Many four dimensional integrable systems have hitherto yielded themselves 
to this harmonic-twistor method of describing the general solution: the Yang-Mills self-duality 
equations ||^, ^, all their supersymmetric extensions |^], and the full N=3 super- Yang- Mills 
equations [ p^ . Twistor theory, moreover, affords adaptation to curved spaces (reviewed in e.g. 
[pl| ) . Specifically, it yields a method of describing self-dual solutions of Einstein equations (with 
or without a cosmological constant |l^). The harmonic space variant similarly allows itself to 



be applied to the field equations describing hyper-Kahler |lj] and quaternionic spaces ||15|. 

The harmonic-twistor method for self-dual theories uses a presentation of the equations in a 
harmonic space with S"^ harmonics as auxiliary variables; and the essence of this version of the 
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twistor transform is a transformation to a system of coordinates, an 'analytic' frame, in which an 
invariant 'analytic' subspace exists and in which the equations take the form of Cauchy-Riemann- 
like (CR) equations. The method therefore encodes the solution of non-linear equations in certain 
'analytic' functions (by which we mean functions depending only on coordinates of the invariant 
'analytic' subspace). For instance, the Yang-Mills self-duality equations F^y = ^e^upcrFpa take 
the form (see e.g. [0, |8|) of the following system in harmonic space with coordinates {x^" = 

[PJ,P+]=0=[P++,P+] , 

where 2?+ = q^_^ > = u^-^^. Here a, a are 2-spinor indices and the signs denote the 

conserved U(l) charge. The harmonics are fundamental SU(2) spinors; any representation 
of SU(2) allowing presentation as a symmetrised product of them. Being defined up to a U(l) 
transformation, these harmonics parametrise S'^ ~ SU{2)/U{1). Moreover, since they do so 
globally, these 's are much more convenient objects than their Euler angle or stereographic 
parametrisations, allowing the avoidance of the Riemann-Hilbert problem. Having written the 
self-duality equations in the above harmonic space language, the Frobenius argument allows the 
crucial transformation to an 'analytic' frame in which the covariant derivative takes the 
form of the flat derivative g^-a , completely trivialising the first commutation relation above; 
and in the process shifting all the unsolved (dynamical) data to the harmonic derivative, which 
loses its flatness by acquiring a connection: 2?"' ^ — > du~'^ ~^ ^ ' ^^^^ connection T^^^ 
then carries all the dynamical information and the equation of motion for the connection is 
replaced by the Cauchy-Riemann-like analyticity condition: = Q^-a = 0. So the 

general local solution is encoded in an arbitrary analytic V^^ = y^^(x^°,M^). 'Integr ability' 
therefore becomes manifest, though the problem of constructing specific explicit self-dual vector 
potentials reduces to that of inverting the above transformation for any specified analytic V~^^ . 

This method has already been considered as a means of solving self-dual gravity |13|, where 



the presence of vielbeins as well as connections requires a suitable adaptation of the above flat- 
space Yang-Mills strategy. In this paper we reconsider this problem and show that even in 
the curved case the essential features of the above strategy can be maintained. In particular, 
we show that a special 'half-flat' analytic coordinate frame exists in which two of the four- 
dimensional covariant derivatives become completely flat; and in which all the dynamics gets 
concentrated in the covariant harmonic derivative P^^, just as in the Yang- Mills case, but now 
in both the connection and vielbein parts of the latter. All these parts of moreover, can 

be solved for in terms of a single arbitrary analytic prepotential, which therefore encodes the 
general solution of the gravitational self-duality conditions. In the next section we discuss the 
harmonisation: the formulation of the self-duality conditions for the Riemann tensor in harmonic 



space. Following |13] we then introduce (in section HI) the class of analytic coordinate frames 
which are distinguished by the property of having an invariant analytic subspace and we discuss 
the corresponding transformation rules in section IV. We then list (in sect. ^) the self-duality 



equations, 'the CR system', for the vielbein and connection fields in these analytic frames. This 



system has sufficient gauge freedom, affording the choice (in section VI) of a particular analytic 



frame, the 'half-flat' gauge, in which a great deal of the simplicity of the flat-space (Yang-Mills) 



construction outlined above is recovered; and as a consequence (sect. VII ) the general local 
solution of the CR system (which in this gauge takes a manifestly Cauchy- Riemann form) follows 
in terms of a single arbitrary (i.e. unconstrained) analytic prepotential which encapsulates the 
dynamics. Our refinement of the construction of considerably streamlines the procedure for 
the explicit construction of self-dual metrics and corresponding spin connections. We describe 



this procedure in section VIH ; and in section |^ we demonstrate it for the particular case of 
the simplest nontrivial monomial choice of analytic prepotential which we explicitly decode to 
reveal a metric related to the self-dual Taub-NUT solution. In fact the form of the metric 
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we obtain is precisely that obtained by the alternative construction of hyper-Kahler metrics 
using the harmonic superspace construction of N=2 supersymmetric sigma models, which 
have hyper-Kahler manifolds as target spaces. In section ^ we discuss the relation to the 
alternative Plebanski approach |^ requiring solution of a second-order differential equation. As 
a byproduct, our method yields a prescription for the production of solutions to Plebanski's 
second 'heavenly' equation, though our construction is independent of this equation and does 
not require its solution for the construction of self-dual metrics. In virtue of its generality, our 
method is a promising one for the explicit construction of new local solutions to self-dual gravity 



[16|. Further, it paves the way towards the solution of self-dual supergravity theories and the 
explicit construction of supersymmetric hyper-Kahler manifolds. 

Our considerations are good for complexified space or for real spaces of signature (4,0) or (2,2) 
(with appropriate handling of the latter as a restriction of complexified space) . For concreteness 
however, we shall deal with the real Euclidean version, with tangent space (structure) group 
being the direct product SU{2) x SU{2); the first SU(2) having Greek spinor indices a, (3,..., 
whereas we denote the second SU(2) by Latin spinor indices a, b, (a, a = 1, 2). The covariant 
derivative Vaa takes values in the tangent space algebra and defines the components of the 



Riemann curvature tensor in virtue of the commutation relations |17| 
with 

Ral3 = Cl^ap-i&)^'^^ + R{aP){cd)^'^'^ + \R^al3, 
Rab = C(^abcd)^^'^ + R{'yS){ab)^'^^ + \R^ab, 

where round brackets denote symmetrisation and, in this spinor notation, C(^abcd) {C^ap-yS)) are the 
(anti-) self-dual components of the Weyl tensor, R(^ai3){cd) are the components of the tracefree 
Ricci tensor, R is the scalar curvature, ^r7'5^rcrf^ generators of the tangent space gauge 
algebra. We raise and lower all tangent space indices using the antisymmetric invariant tensors 
e"^,e"* and eap^f-ab respectively, e.g. e'^^ipi, = tp"- , eabip^ = ipa ; ^12 = 1- We presently take 
'self-duality' to mean that the Riemann tensor is self-dual, which in spinor notation means that 

Rab = 0. 

In virtue of the above (irreducible) decomposition this is tantamount to the self-duality of the 
Weyl tensor (C^abcd) = 0) and the vanishing of both the tracefree Ricci tensor and the scalar 
curvature {R(^s){ab) = R = 0). These conditions clearly imply the source-free Einstein Field 
Equations. In the present work we shall restrict ourselves to this case of zero cosmological 
constant. Evidently, we may write these self-duality conditions in the form of the constraints 

[1^f3b,'^aa] = ^abRaf3- (1) 

Now, since R(^.yS){ab) = ^ = 0, we have that RajS = C(^af^^s)'^'^^ ■ The self-dual part of the 
curvature, Ra/s, therefore takes values only in the SU(2) algebra with generators F'''^. This 
means that we may work in a 'self-dual gauge' (see e.g. [^]) in which only this half of the 
tangent space group is localised: just the SU{2) labelled by indices a,/3, while the second 
SU{2) (indices a,b,...) remains rigid. Correspondingly, the space coordinate x^'^ only has one 
'world' spinor index fi, the second one being identified with the tangent space spinor index a. 
Covariant derivatives therefore take the form 



T^aa — -E'aa^/if) + ^aa , (2) 



where in this gauge the spin connections take values only in the SU{2) algebra (generators F"^ 



of the local structure group, viz. 

(u;„J=^L,(r^), (3) 
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a restriction which clearly implies that the curvatures also take values only in this restriction 
of the tangent space algebra, i.e. are then automatically self-dual. So with the connection in 
the form (g), eq.(|) is no longer a constraint on the curvature; and the problem reduces to 
that of finding vierbeins -E^^ satisfying the conditions of zero torsion implicit in (||). This is 
the principal difference from the Yang- Mills case, where there are neither vierbeins nor torsions 
and the entire problem is that of solving the analogue of (|l|) as curvature constraints on the 
connection (as opposed to torsion constraints on the vierbein). 

In the above 'self-dual gauge', not only is the curvature automatically self-dual, but since 
both connection and curvature are restricted to take values in SU{2) ~ Sp{\), the metric 
is manifestly hyper-Kahler. This way of considering hyper-Kahler spaces, as solutions of the 
self-duality conditions ([l|), may immediately be generalised to higher dimensions. Equations 
describing higher (4n) dimensional hyper-Kahler spaces may be obtained by simply replacing 
the SU{2) ~ 5*^(1) index a in (|^) by an Sp{n) one |13]. We shall presently restrict ourselves, 
however, to pure self-dual gravity in four dimensions, the treatment of 4n-dimensional hyper- 
Kahler manifolds for n > 1 is evident (see sect. ^). 



II The self-duality equations in harmonic space 

Having an 'ungauged' SU(2) part of the tangent space algebra at our disposal, we 'harmonise' it 
by introducing 5^ harmonics {u^"' ; u~^"'u~ = l,u^ ~ e^'^u^}, where a is an SU(2) spinor index 
and ± denote U(l) charges We begin by defining the covariant derivatives in the central 
coordinate basis of harmonic space thus: 

V^^D^+u;t = u^-V^a, P++ = a++ = n+-^ (4) 

OUa 

where the harmonic derivative V^'^ is a partial derivative acting only on harmonics and is 
connection- less (this being the characteristic feature of this basis). 

The following system in harmonic space is equivalent to the self- duality conditions 

[V+,V+] = (5a) 

[V++,V+] = (5b) 

= {modulo Rai3) (5c) 

[V++,V-] = V+, (5d) 

We obtain (5a) on multiplying (|l]) by u+"n+^. Conversely, (5b) ensures linearity of in the 
harmonics, so the harmonic (i.e. u~^-) expansion of (5a) yields (1) up to possible torsion terms 
containing eab, viz. eabT^^pV^c- (In the flat-space Yang- Mills case, recall, the relations (5a,b) 
are equivalent to the self-duality conditions). To exclude the existence of such torsion terms we 
need to include the commutation relations (5c); and (5d) is then required in order to ensure 
that in the present central basis T>~ contain harmonics only linearly (as in (§)). The system of 
commutators (5a-d) is then equivalent to the original self-duality relations (||) |^. The system (5) 
is in fact a Cauchy-Riemann-like (CR) system. Only the coordinate frame needs to be changed 
in order to make its CR nature manifest. 



Ill The analytic frames 

The choice (^) of covariant derivatives corresponds to what we have called the central frame 
with coordinates {x^^ = x^°'u^ ,u^}. The system of commutators (5), however, describes self- 

^In this paper we shall deal only with these covariant derivatives (C;^ , 2?+"'") which enter the system (5); we 
shall not use the additional harmonic covariant derivative T)^^ on which the discussion of IUjI was based. 
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duality covariantly, without reference to the particular form (Q) of T)^~^ and , these covariant 
derivatives in general containing connections and vielbeins, providing covariance under both 
SU(2) local frame transformations and general coordinate transformations Sx^"" = t^"'{x). In 
the above central coordinates the equivalence (5) ^ (1) is manifest, however this covariance may 
be exploited in order to choose an alternative special coordinate system, the 'half-flat' gauge 
mentioned in the Introduction, in which the CR nature of (5) becomes manifest instead. The 
latter coordinate system belongs to a select (gauge equivalent) class of analytic frames, which 
have the distinguishing feature of an invariant 'analytic' subspace under general coordinate 
transformations. We call an object 'analytic' if it is independent of a subset (viz. of some 

new set of coordinates {Xf^^,u^}, with the invariant 'analytic' subspace having 'holomorphic' ^ 
coordinates x|^^ . Any such new coordinates are of course some nonlinear functions of the 
central frame (or customary x^"') coordinates and of the harmonics u^. : 

The necessity of determining these h-coordinates as (invertible) functions of the central frame 
ones is the main novel feature of the curved-space construction and this is the crucial difference 
from the flat self-dual Yang- Mills case, where we have simply the linear relationship of the central 
coordinates x'^^ = x^°'u^. 

In order to have an invariant 'analytic' subspace, the functions x^{x^'^u^ ,u^) in ^ are clearly 
required to have the crucial property that under the mapping (0) the covariant derivatives D'^ 
in (^ contain derivations with respect to only. In general, (|^) induces the mapping: 

where df = p_ , = , so the requirement that only 5^ -terms appear on the right is 
tantamount to the condition that the holomorphic coordinates preserve the flat space relation 

Dtx'^H^ = 0. (7) 
We take this to be the defining condition for analytic frame coordinates. This yields 

Dt = {DtxDdt^^ = , (8) 

where we have defined an analytic frame zweibein Having only derivatives with respect to 
x^~ on the right, the conditions D'^^ = then imply (for invertible zweibein /^) the required 
'analyticity' of ^ , i.e. the independence of Xy^~, d^^'^ = 0. 

On the other hand, the negatively charged derivatives D~ in (Q) contain derivations with 
respect to all the new coordinates: 

D^ = -^^dh, + ^-c.~^K,^ (9) 
where we have defined a further neutral zweibein, 

= -D-xl^, (10) 

(the minus sign is chosen so as to have = 5^ in the flat-space limit) and a doubly-negatively 
charged one 

e--^ = D-xl. (11) 

^This terminology, borrowed from complex analysis, is to be understood only in this sense. We take our x^" , x'^ 
to be real coordinates. Appropriate hermiticity conditions for the harmonics are discussed in the harmonic space 
literature 0, Of course, all coordinates can also be complexified (see [^). 
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We now come to the harmonic derivative. Being flat in the central coordinates, T>~^^ = d~^~^ , 
it acquires vielbeins in the holomorphic ones: 

d++ ^ A++ = 5++ + + (x^ + H++ndi,. (12) 

where the vielbeins are defined in terms of the holomorphic coordinates thus: 

= 0++j;i^+^ (13) 

Note that these vielbeins are defined so as to have = = in the flat-space limit. 

Now, the curvature in (5a) being zero, we may perform an SU(2) structure group transformation 
making the covariant derivatives "D^ connectionless, as in the Yang-Mills case discussed in the 

introduction. Namely, (5a) implies the existence of an invertible matrix (p^ (having inverse 

i'P'^ f^ ; (f'^'Pl = ^& ' 'Ppi^'^)'^ = "^/j ) satisfying the equations 

Vt^^{Dt+u;^)ip = (15) 
which imply the pure-gauge form of the connection in terms of if : 

{Vt)} = Dt6}-Dt^y^'\ (16) 

We may therefore use a solution of (^) to perform an SU(2) transformation in order to 'gauge 
away' the connection in D^: 

with as in (^) above. Now, under this transformation, just as in the Yang-Mills case, the 
harmonic derivative acquires a connection: 

D++ ^ P++ = (^-1 [D++]^ = A++ + iu++, (17) 

where 

UJ++ = (^-iA++99. (18) 

We shall show that in a particular analytic frame the equations implied by the CR system (5) 
for the analytic frame vielbeins and connections defined above may be solved (treating the h- 
coordinates {xff^,u^} as independent variables) in terms of an arbitrary analytic prepotential. 
Our strategy will then be to solve equations (p^,14,p^ for and (p respectively, for 

some specific choice of analytic prepotential (treating, in turn, the central coordinates {x^"',u^} 
as independent variables). Having determined the latter data, we shall invert of the mapping 
(^) and obtain the vierbein in (^) explicitly. The self-dual metric will then afford immediate 
construction. The problem of the explicit construction will therefore reduce to that of solving 
eqs.(13|,ljjl^) for fields and u!~^^ determined by some specified choice of the analytic 



prepotential. 



IV Transformation rules 

There exist two kinds of the tangent-space transformations; central frame ones with local pa- 
rameters T^{x^°') and analytic frame ones with local parameters \'i{x^ ,u) (we distinguish 
A-transforming indices by a 'breve' accent). The matrix (p is defined up to the local gauge 
equivalence 

^l-rP^{xn4^l{xl^,u) (19) 
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The connection in (^) does not transform under the analytic transformations parametrised by 
A, these being 'pregauge' in the central frame; whereas for the analytic frame connection uj^~^ 
in (|l^) the tangential transformations parametrised by r are 'pregauge' and therefore leave this 
connection invariant. Consider some spinor F^, which has tangent transformation 

The parameters t^{x) being non-analytic, this transformation would not be consistent if F^ were 
analytic; i.e. the r-transformation does not preserve the analytic subspace. However using (p 
we can pass to a spinor having breved indices, Fg^ = {ip~^)^Fp, F^ = 'f^Fj^ which has tangent 
transformations preserving the analytic subspace: 

5Fs. = xi{xl,u)F^p. 

So <y9 is clearly a bridge taking us from central frame tangent-space indices (a) to analytic 
frame tangent-space ones (a). In the analytic frame we shall use only quantities with breved 
tangent-space spinor indices, using as many 99's as are necessary in order to obtain the suitably 
transforming quantity. In the CR system (5) therefore, we pass to appropriately transforming 
covariant derivatives: 

In gravitation theory the most important transformations are the world ones. For the cen- 
tral frame coordinates these form the diffeomorphism group with local parameters t^"'{x), i.e. 
5x^'^ — ^fj.a^^y g^j^ analytic frame, by definition (see sect. Ill), harmonic space diffeomorphisms 
preserve analyticity, i.e. leave the analytic subspace (the analytic planes with coordinates x^"*") 
of harmonic space invariant. Namely, 

fe^ = A'^+(x+,n), (20) 

whereas 

fer = A'^-«,x^,n). (21) 

The important property being of course that the positively charged parameters are analytic, 
whereas the negatively charged ones are not, implying that the most general diffeomorphism pre- 
serves the analytic subspace. The harmonics also allow transformation, requiring consideration 
of the complexified picture |^] . However we do not need to consider these transformations since 
they do not affect the CR system (5). Such transformations, however, are necessary in the case 
of non-zero cosmological constant (see [p!5|]). 

From the covariance of the covariant derivatives (^Joj,^) under the transformations ( |20|j2l| ), we 



obtain the following transformation rules for the vielbeins introduced in section III 



^/.^ = rA>^'- + 4r^^ (22) 

K = + Af ej, (23) 

5er-" = -e'A^"- + er'dtX^'- + eT'^ (24) 

SH++f^+ = A++A^+, (25) 

= A++A^- - A^+. (26) 
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V The Cauchy-Riemann system of equations 



We now examine the content of the CR system (5) in an analytic frame, i.e. with the covariant 
derivatives taking the exphcit form 

V++ = a++ + H++''+dj;^ + {x^-^ + H++t'~)d+^ + U++ . 

Not all the equations implied by (5) for the vielbein and connection fields in these covariant 
derivatives are 'dynamical' in character, in the sense of requiring solution for the determination of 
the metric. We shall first extract the set of such 'dynamical' equations, the remaining equations 
basically determining redundant fields. 

For the zweibein we have from (5a) the equations 

flAfl] = 0- (27) 

The vanishing of the torsion coefficients of d^^ in (5c) and (5b) requires the vielbeins e'i and 
^ respectively, to be analytic: 

D+e>i = , (28) 

D+H++t'+ = . (29) 
The vanishing of the curvature in (5b) yields a further analyticity condition; for the connection 

D+u;++ = . (30) 

The solution of this equation is however not independent of the solution of the previous two 
analyticity conditions; the equation 

- V++e'i - = 0, (31) 

which is a consequence of the vanishing of the torsion coefficients of 9^^^ in (5d), provides an 
important constraint amongst the three analytic fields ,H~^^^^, and u^^. Further, these 
fields determine H~^^^~ in virtue of the equation 

= , (32) 

which arises from the requirement of the vanishing of the torsion coefficients of d^^ in constraint 
(5b). 

In order to solve self-dual gravity @), it suffices to solve the above set of equations (p7|-^2|). 
The remaining equations from (5) are basically conditions determining consistent expressions for 
the fields ^^^^ "-^a ; whose determination is actually not necessary in order to find self-dual 

metrics. These fields represent the same degrees of freedom as the fields {ff^,e'i,H~^^f^^,LO^^} 
and therefore represent redundant degrees of freedom. The field e^~^ is determined by the 
equation following from the equality of the coefficients of d^^ in (5d), namely, 

V^+eZ'^^ = f^ + P7(i7++A- + x^). (33) 

The vanishing of torsion coefficients of d^^ in (5c) yields 

Di,e-,-^ = V-,f^, (34) 
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which together with the condition obtained from the requirement that the antisymmetric part 
of the curvature in (5c) vanishes, i.e. 

^S^^^] = 0, (35) 
determines w-^, which satisfies the final equation contained in (5), namely the vanishing of the 

P 

curvature in (5d), 

V^+LO^ - V^uj++ = 0, (36) 

automatically, in virtue of (|33[). 



VI The 'half-flat' gauge 

The set of fields satisfying the system of equations listed in the previous section is actually highly 



redundant, possessing the gauge invariances (^4-26). The system may therefore be reduced 



by fixing the parameters X^{x^ , u) , X^^^ {x^ , u) , and A'^ {x^,u), and thereby specifying local 
coordinates. Remarkably, in a suitable coordinate gauge, this system of equations becomes 



manifestly soluble. Firstly, since is analytic (p^, the gauge invariance (22) with analytic 

parameters A^, allows us to choose local coordinates such that e'i is a unit matrix. Further, 
the torsion constraint (5a) essentially says, by Frobenius' integrability theorem, that is gauge- 
equivalent to the partial derivative . There therefore exists a coordinate gauge in which (|27|) is 
solved in virtue of the zweibein also taking the form of a unit matrix. Choosing such a gauge 
in which is completely flat is therefore tantamount to changing coordinates (using gauge 
degrees of freedom parameterised by A'^" (|23|)) thus: —^ y^" = y^^(x^^, x^~), 



= y'^+(x^^), such that in the old coordinates 



which manifestly solves ( |27D since 



dyi^- dxl~ dyP'\- " dyy^- dyP^ 
With this zweibein "DJ is clearly flat in the new coordinates: 

the constraint (5a) becoming an identity and Frobenius' theorem becoming manifest. 

/„^ = '^^> 4 = €- (38) 

In this special 'half-flat' gauge the distinction between world and tangent indices has evidently 
been eliminated and only the set of vielbein and connection fields {H~^~^^^ ,e'^~^ ,oj~^^ ,01^^} 
remain, of which, as we shall see, those contained in T)~^^ , namely {H~^~^f^^,uj^^} contain 
all the dynamical information. This Yang-Mills-like feature is the distinguishing one of this 
particular analytic frame which we shall henceforth use, although we shall continue to call the 
coordinates in this particular gauge x'^^ rather than y"^. 

In this gauge, residual gauge transformations have parameters constrained by relations from 
2l^, viz. 

dha^'^ + K = 0, dt^X^- + A^ = 0. 
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So the residual difFeomorphism parameters A^^ (x^ , u) are no longer arbitrary but are con- 
strained by the relations 

since the tangent parameters are traceless. It follows that the thus constrained A^^ can be 
expressed in terms of an unconstrained doubly charged analytic parameter A^"*": 

X'^+{x+,u) = dj:-X++{x+,u) . (39a) 

These diffeomorphism parameters in turn determine the Lorentz ones, the residual tangent 
transformations actually being induced by the world ones: 

(A^)res = -5,-^A^+(4>«) ■ (39b) 
As for the remaining A^'^ transformations, these have parameters: 

(A^-)res = d^^X^+{x+,u)xl- + A'^-lx+u) , (39c) 

where X'^~{x^,u) is an arbitrary analytic parameter ^. The remaining vielbeins 
and e^~^ still transform according to ( ^5iP^j2^ ) , respectively, with parameters being the residual 
ones (39). 



VII The analytic frame solution 

We shall now show that in the 'half- flat' gauge (p8|) with covariant derivatives taking the form 



= -dHa + er'dt, + ^^ (40) 

P++ = + +(x^ + i7++^-)a+ +C.++, 

the system of equations (p7| , ^8|) , or equivalently the self-duality system (5) becomes manifestly 
soluble. Moreover, our main claim is that: 

An unconstrained analytic prepotential, L'^'^ , encodes all local information on self-dual gravity. 

To prove this claim we begin by recalling that in the 'half-flat' gauge the difference between 
world and tangent indices has become rather conventional, all essential information about the 
manifold having moved to the vielbeins and connections in . Eqs.(^,28) clearly drop out in 



this gauge, leaving, from the dynamical set ( p^^ - p2D, only the analyticity conditions for //++^*+ 
and L0~^^ ( pg|j30|) and the relationships (|3l|) and (|32|). These four equations, and therefore the 
analytic frame self-duality conditions, can be consistently solved in terms of a single arbitrary 
analytic prepotential of charge -|-4. To prove that such a prepotential exists (at least locally) 
we begin with an arbitrary analytic (satisfying (|29|)). The relation (^) then yields an 

expression for the harmonic connection which is manifestly analytic, automatically satisfying its 
equation of motion (|30D, 

co^^' = di^,H^^^\ (41) 

^When considering self-dual gravity in the alternative gauge condition 

A++A"" = A''+ 

corresponding to the preservation of the flat space relation d^'^x'^~ = a;^~ was adopted. This condition completely 
fixes thegauge parameters A**". We presently choose to avoid this lack of freedom, preferring the more convenient 
gauge (g). 
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Now the requirement of tracelessness of this connection yields a constraint on which has 

local solution in terms of the sought unconstrained analytic prepotential i.e. 

= d;^^C+^ = e^"^=+i7 . (42) 

The transformation rule (^) for //++^'+ induces the gauge transformation 

5/:+^ = A++A++ + arA++5;7^/:+^ = 5++A++, (43) 

where A"*"*" is the unconstrained analytic gauge parameter in (39a). So prepotentials differing by 
the harmonic partial derivative of an analytic function correspond to gauge equivalent solutions 
of the CR system. Eq.(32) remains and yields a relationship, using (|4l|), between the two 
vielbeins in 2?^+: 

dLH^"-'- = = d-,,H^^^^^ . (44) 

Integrating this equation, we obtain 



up to an arbitrary analytic function absorbed by the gauge freedom (|26D . 

We can therefore determine all the required fields {H~^~^^^ and ui~^^) consistently, i.e. solve the 
dynamical content of (5), in terms of the an unconstrained (i.e. arbitrary) analytic prepotential 
/Z"*"^. For the sake of completeness we show in appendix |A| that all the other equations from 
(5) are also indeed solved in terms of C^'^ and determine the remaining analytic frame fields 
(er~'^,u;7) as functionals of >C+^. 

The conventional vierbeins and connections in the central basis may now be constructed ac- 
cording to the procedure we give in the next section. The correspondence between self-dual 
metrics and prepotentials >C+^ is, however, not unique, since prepotentials related by the gauge 
transformation (]43| ) correspond to equivalent metrics. We may fix this freedom by using the 
normal gauge in which C~^^ has no explicit dependence on i.e. = £.^'^{x^'^ ,u~). In 
other words any explicit u"'"-dependence may always be gauged away using the freedom (^). 
Consider the harmonic expansion of an arbitrary prepotential having explicit n"'"-dependence, 

n,m 

where the coefficients f^~J^~^"l^ f, ) {x^ ) are monomials of degree (4 — n + m) in xj^'^ , x'^'^ . Now 
every term in the sum on the right may easily be shown to be a harmonic partial derivative of an 
analytic function, so the entire sum has the form 5++A+^(x^, u"*", n~), which may be absorbed 
by the gauge freedom (43), yielding the normal gauge form of C^^. 



VIII The reconstruction of vierbeins and connections in the 
central frame 

As we have seen, the analytic prepotential >C"^^ encodes all the analytic basis dynamical infor- 
mation. But how does one extract the self-dual metric in the original central basis from it? We 
now outline the procedure for doing this starting from some specified analytic prepotential C'^'^. 



A. From (E3) and (45) obtain the vielbeins of P"^"^ 
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B. Consider (13) as equations for the holomorphic coordinates x^: 

d^^<^ = dn't^^'- (47) 

Integrating these first order equations find x^^ as functions of the central frame coordinates 
x^^{= x^°'u^) and the harmonics. 

C. Having obtained x^^ , similarly solve (|l^,i-e. 

d^+xl = + (48) 

in order to determine function of the central frame coordinates. 

D. From (g^) obt ain the connection of T)^^: 

^t^' = K^d-Jc^\ (49) 

and using the results of steps B and C, express it explicitly in terms of central coordinates. 

E. With the cj++ obtained in step D, solve equation ( p!^ ) rewritten in the central frame d'^'^^p = 
ipoj~^^ ^ i.e. 

d^+^i = ^Idj^^d-Jc-^' (50) 

in order to obtain the bridge (p in central coordinates. 

F. Using results of steps B and C evaluate the partial derivatives 



The above data affords the immediate construction of explicit self-dual vierbeins, metrics, and 
connections as follows: 

G. Multiply the bridge (p obtained in step E with one of the matrices of coordinate differentials 
from step F, and extract the self-dual vierbein from the relation 

<|^=^+"i?^N,-, (51) 

using the completeness relation u^^-u^ — u^°'u^ = 6^. Invert this vierbein and obtain the 
self-dual metric 

ds' = eacecpE^SE^^'.dx^^'dx'"' . (52) 

The proof of the relation (^) is as follows. The central frame vierbeins are given by the 
equation 

(^~')>^'^^^a^ = 



which follows from equations (0,0 j^, and [T^. Fixing the gauge (38) and introducing quantities 

Z^ = n+'^i?^X-, Zr+ = n+«i?^^+ (53) 
we obtain the system of equations 



which have solution 



''^x^''- 






'^dxi'- 

















■ '''' 
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By construction (53), as functions of the central frame coordinates = x^^ —x^^~ u^"" , 
these are bihnear in the harmonics, affording immediate extraction of the vierbeins E^^^ = 
E^^{x^'^) in the customary space. 

H. The connection oj'^ is given in terms of the bridge by the formula (0), which therefore 
yields ujaa = ^aa{x^^^), since a;+, as a function of central frame coordinates {x^^°',u^], is by 
construction (see (Q)) linear in the harmonics 

Therefore, extract the self-dual spin connection from the central frame formula 



/9 ^ 

- -(^J-^ + Zi^X.-')?. (55) 

The thus constructed connection ioJaaVp is also a solution of an SU(2) self-dual Yang-Mills 
theory in a curved space with metric (|5^). This is obvious in our formulation since this u;^, 
by construction, satisfies (5a, b), which for this connection are precisely the Yang-Mills CR 
conditions in a self-dual background. This formulation therefore makes manifest the observation 
of that the spin connection {uJaafp corresponding to a self-dual gravitational solution is such 
a self-dual Yang-Mills vector potential. 

IX An example 

We now explicitly illustrate the procedure outlined above for the simplest example of C'^^: a 
monomial of fourth degree in the holomorphic coordinates: 

C^' = gxl^x\^xl^xl\ (56) 

where g \s a. dimensionful parameter. This is invariant under the symmetry transformation 

xl+' = e'<xl+, x2+' = e-^x2+, (57) 

which plays an important role in the explicit solubility of this example. The simplest quantity 
invariant under this symmetry is = x]^xll^ , in terms of which this choice of C'^^ allows 
expression. 

Step A. From this prepotential, we get the harmonic vielbeins using 



^++^+ ^ ^ 25P++(a3)^^+, (58) 

dxl 



where (J3 is the Pauli matrix. Using these expressions, we find from (45) that 

H++^- = x,^d,^H++^+ = 2g{a,nxl- P++ + xl+{xl-xl+ + 4+x^)) (59) 

It is worth emphasizing once again that H^^^^ are non-analytic, they contain the antiholomor- 
phic coordinates x^ explicitly. 

Step B. From the definition (|l3|) and having the explicit form for 7/++/^+ ( |58|) we can write 
down the equations for the holomorphic coordinates x^: 

a++x^+ = 25P++(a3)X^ . (60) 
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It follows from these equations that the invariant p^+is actually the conserved current corre- 
sponding to the symmetry (^), in the sense that 

= 0. (61) 
Due to this conservation law, eqs.(|60[) are effectively Hnear equations having solutions 

xi+ = e29^xi+, xl+ = e-^9Px^+, (62) 

where p and x^~^ are solutions of the equations 

d++p = P++ , (63) 
^++x^'+ = . (64) 

The latter equation allows the natural identification of the central frame coordinates from the 
harmonic expansion x^~^ = x^"'u'^; and using (62) may be seen to have the same form in 
these central coordinates as in holomorphic ones, i.e. /O^"*" = x^xf^ = x^^x"^^ . Now (|6^ ) may 
be seen to have the following solution in terms of central coordinates: 



p=-{x^^x'^ + x^ x"^^), 



up to the addition of a solution of the homogeneous part of (|63|), which can clearly be absorbed 
by redefinition of x"'"'^, which also satisfies a homogeneous equation, (p^). The expressions (62) 
are therefore indeed the required ones for the holomorphic coordinates in terms of the 
central ones. 



Step C. The equations for the negatively charged coordinates are given by (14), which we solve 
using the positively charged coordinates already found above. Inserting the explicit expressions 
( |59D we have 

= (1 + 2gxl'^xl~ + Agx]~xi~^)x^ 



h -^h )-^h ' 

= (1 - 2c/x^"x^+ - 4c/x^+x^")x^+ , (65) 
equations linear in as they stand. Moreover, together with (|62|), they imply that 

SO comparing with ( |63| ) and using the linearity of in the harmonics, we may make the 
identification 

p = i(xi+x2- + x'-x^+) = ^{x'+xl + xl-xl+). (66) 

So p, like p^"*", has the same form in both coordinate systems. We may now present the equations 
in the form of a system linear in the holomorphic coordinates, 

d++xl- = xl+ + 4gpxl+ + 2gp++xl- , 

d++xl- = xl+ - Agpxl+ - 2gp++xl- 

having solution: 

xl- = x^-{l + 2gx^+ x^-)e^3P ^ ^2- ^ ^2-^^ _ 2gx^- x^+)e-'^3P , (67) 

Now since p is the same in both central and holomorphic coordinates, the relationships (62) 
and (|67| ) are readily invertible, yielding the following expressions for the central coordinates as 
functions of the holomorphic ones: 

^.1+ _ p-23P^l+ ^2+ _ 2gp 2+ 
jb — c fi ' — h 
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where 

i_ 2— 2Xf^ Xf^ 

p =x x^ - " 



{l-grl + ^l-2gri + l&g^p^) 

and rl = 2{xl-xl+ -xl^xl-). 
Step D. Using ( |4l] ) we find the connection to have the form 

where , „ „ „ 

= 2^ -2x4^0 " 2,(a3,++ + 

where X"*"^ is a matrix defined in appendix ^. 
Step E. To find the bridge it is useful to present it in the manner, 

where satisfies, in virtue of (^), the equation 

= 2gipX++. 

Now inserting the ansatz = e^^"^^^^^ , where = 2(x"'^^x^^ — x^^x^^) and satisfies 
d^^X^ = X^^ and is given exphcitly in appendix |^, into the relation = ^(p~^d'^^Lp, 

the function /(r^) is determined to be /(r^) = — ^ , yielding 

= (1 - ^r^)-! (1 + 2gX^~)e^3''-iP ^ (68) 

a result which may also be obtained (and easily checked) simply by linear algebra from a careful 
consideration of the algebra ( |B.lD in appendix p|. The bridge Lp is defined by (|50| ) up to multipli- 
cation by a factor whose d'^^ derivative vanishes and the unimodularity requirement, det = 
yields the normalisation in (|68|). 

In virtue of the algebra of the matrices X^^ , X~^^ described in appendix^ the inverse bridge 
may immediately be written down: 

99-1 = (1 - gr'^)~he-'^3<^^P{l - 2gX~+) . 



Step F. It follows from formulae ( pSD and (67) that 

5x'^+ 



-ge-^sP^^X^ 

dxP 

and that 



Step G. Substituting the latter expression and ( |68| ) in (^) we obtain: 

ZP;,=^l^ = {\-gr'Y\{\-gX-^). 

As expected, the harmonic expansion of contains only bilinear pieces and the self-dual vier- 
bein consequently has the form 

T?iih _ /I 2\-i ( gxlx^'' gxlx^^ 

^-^-^^-9^) -ga:ix^^ 6',+gxW 
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having inverse 

Inserting this in (^), using the parametrisation x^"" ~ denoting = 2(yy + , 

we find ^ 

ds^ = 2(1 - gr^){dydy + dzdz) + gr^ |^~^^^| a^ , (69) 



where cr^ is one of the three differential 1-forms ||l^ related to the Maurer-Cartan forms on 
SU(2), 

CTx = ^ {zdy - ydz + zdy - ydz) , 
cfy = ^ (zdy - ydz + ydz - zdy), 
(^z = ^ {ydy - ydy + zdz - zdz) . 

Setting (jr = in (^) (corresponding to C^'^ = 0) we clearly obtain the flat metric 

dsji^t = 2{dydy + dzdz) = dr'^ + r^(a^ + cj^ + a^). (70) 



Using the second equality in (|70| ) we obtain precisely the form of the metric obtained using the 
harmonic space formulation of N=2 sigma models [U], viz. 

ds^ = (1 - gr^)dr^ + r\l - gr'){al + a^) + (^3^^' ' C^^) 

This is a form of the self-dual Euclidean Taub-NUT metric. Denoting the parameter g = 
the variable change 2m{p — m) yields the form of the Taub-NUT metric in e.g.[^]: 

ds' = -f^y + (P^ - m^){<yl + al) + . 
4(p — m) " p + m 

Unlike ([fH), the latter form of the metric is only defined in the domain p > m; and therefore 
does not have a well-defined flat limit (m ^ oo). 

Step H. Substituting derivatives of the central frame coordinates and bridge if from steps E 
and F into (|55D we obtain 



iLot)'l = -2g{l-gr^)-lr''^^^ ''2) « 



3 /xi+(l-2f) 



2H 



(a;+)^ = -2ff(l-^7r2)-^'^ 2 

\ I I O-^ I f I :_ 



-x^+(l-2L 



2 , 



expressions manifestly linear in the harmonics, allowing us to extract the connection components 
(0) immediately: 



X Conclusions and further remarks 



We have shown that all self-dual gravitational fields allow local description in terms of an 
unconstrained analytic prepotential C~^^ in harmonic space . The explicit performance of our 
construction relies only on the solution of first order differential equations on 5"^. Our method 
therefore promises to be a fruitful one for the explicit construction of self-dual metrics. 
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Whether global characteristics (e.g. topological invariants) and singularity properties of the 
manifold can be determined by a prescient choice of ^C"*"^ remains an open question. The curvature 
tensor, however, may indeed be evaluated from the analytic frame connection in virtue of 

Rap = dti^a^j) , (72) 

or equivalently 

where the connection is determined in terms of the vielbein which in turn is determined 

in terms of C'^^ (see appendix |A|). The expression ([72|), which is by construction u-independent, 
immediately yields the manifestly total-derivative form of the Pontryagin density: 

00/3 r> „ _ fi+ar^+P 5o+ o+ 7 _ f)+»(f)+^p f)+ p 7^ 

^al3 - "h ^7 ^hcPhp l ~ h \"h ^7 "ha^^^p s 

In our framework the fields oj'^ and redundant, carrying no dynamical information; 

all their equations of motion being identically satisfied in virtue of what we have called the 
'dynamical' subset of CR equations. Alternatively, one could choose to ignore the relations in 
(5) involving and attempt instead to solve the equations for e~i^~^, which describes the 

same degrees of freedom. These equations imply the form (see ( |A.5| ) in Appendix ^) = 

d^^d^'^ , where is a nonanalytic prepotential, which, in this alternative framework, carries 
all the dynamical information. Indeed the equation 

which completes the algebra of covariant differential operators in (5), and which needs to be 
included if one wishes to exclude (5b, d) (this equation is an identity in our framework), may 
easily be seen to contain the dynamical equation for e~'*, 

d^+d^e-^ + ^d^+d^+e-^dfdte-^ = , (73) 

as a consequence of the vanishing of the torsion coefficient of 9^-. (These torsion constraints 
actually imply that the left-hand side of ( |7^ is equal to some arbitrary analytic function, which 
however may be set to zero using a pregauge symmetry of e""^, viz. 6e~'^ = x^^G^'^(x^), for 
arbitrary analytic G~^). In the alternative approaches to the self-dual Einstein equations which 
do not introduce the auxiliary 2?++ (e.g. |2^), the dynamics is indeed described by (|73) or 
transformations thereof. The field is precisely Plebanski's second 'heavenly functionMSl R. 



Indeed the contravariant form of the basis (40) with Cartan 1-forms 



yields the (u-independent) invariant (ix^^((ix^^ -|- e^^'^dx^^), which is precisely the form of the 
metric given in Q . We emphasise however that the advantage of introducing and working 
with harmonics as independent variables, is that eq. ( [73[ ) is then automatically satisfied. If 
explicit solutions of ( [7^ ) are for some reason required, they may also be constructed in our 
framework from a first order equation (( |A.2 ) in Appendix A). 



^The conjugation of harmonics which yields real a;* of course does not hold if the harmonics are given fixed 
numerical values and (|73) is then an equation in (D*. 
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The alternative Monge-Ampere form of Plebanski's equation corresponds to a different 
gauge to ([3^), i.e. a different choice of analytic frame coordinates; and our method may be 
used to construct solutions to that form of Plebanski's equation as well. We hope to return to a 
discussion of both of Plebanski's equations in the harmonic space setting in a future publication. 

The self-duality conditions are well known to be differential equations whose solutions are 
automatically hyper-Kahler metrics. Our construction of solutions generalises to 4m-dimensions, 
where hyper-Kahler metrics [13| may similarly be thought of as solutions to the generalised self- 
duality conditions |21| 

[T>Bb,'DAa] = eabRAB, (74) 

where A is an Sp{m) index and a, as presently, an Sp(l) index. These equations manifestly break 
the 4m-dimensional rotation group to Sp{m) x Sp{l). Delocalising the Sp{l), yields connections 
and curvatures manifestly taking values in the Sp{m) subalgebra. In other words the holonomy 
group is Sp{m), so eqs. ( |7^ ) indeed describe higher dimensional hyper-Kahler spaces. Our 
entire construction generalises to these higher dimensional cases on replacing the Sp{l) indices 
a, (3 by Sp{m) indices A,B. The further generalisation with indices A,B in (^) considered 
as 'superindices' of the superalgebra OSp{N\m)^ yields constraints in chiral superspace which 
may be thought of as equations for N-extended supersymmetric (4m|2A^)-dimensional hyper- 
Kahler spaces. In this supersymmetric case, our construction requires suitable modification 
in order to accommodate intricacies of super algebras. The case m = 1 corresponds to N- 
extended supersymmetric self-dual supergravity. In fact, the present work was motivated by our 
initial attempts to supersymmetrise the harmonic-twistor construction for self-dual gravity and 
the construction of this paper is indeed amenable to supersymmetrisation, yielding a general 
solution of all extended self-dual Poincare supergravity theories. This is under preparation for 
publication. 

We are grateful to A. Galperin and E. Ivanov for useful discussions. One of us (V.O.) is 
happy to thank the Physikalisches Institut, Universitat Bonn and the Max-Planck- Institut fiir 
Mathematik, Bonn for support and hospitality during the performance of the early stages of 
this work. This paper was completed during a visit to Vienna. We thank the Erwin Schrodinger 
Institute for support and hospitality. 



A Appendix. The redundancy of the degrees of freedom in T>'^ 



In this appendix we prove the claim in section VII that the fields ^ and lo^ , are redundant 

degrees of freedom and are indeed entirely determined in terms of the 'dynamical' fields 
and u!^^, which in turn are determined by the analytic prepotential >C^^. 

Equation (|33|) reduces to 

V+^eZ-'^ = + 6,-^^9+ (A.l) 



Now recalling the first expression for lj^^ in (44), we note that this equation is actually just 
the equation 



with the connection acting in the gauge (pq) on both spinor indices of e - . Now in the central 
basis this equation reads simply 

d++e~-^ = -^^^d^^H++P~i^~')l, (A.2) 

a first order linear equation which uniquely determines e~~^ in terms of (p and H^^^^ , which 
in turn are determined in terms of the arbitrary analytic prepotential C'^'^ in virtue of (^, p5| ). 
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For the Taub-NUT example of section EX, the exphcit integration of ( A. 2 ) yields 



45 



(1 - 5r2) 



x-{{i 



i _ 4^2^2)1 ^ a3(^p~/ - 2gpX—) + 2gpp--I 



where X is the matrix in (| 
From (^) we obtain an expression for the connection in P'3': 



(A.3) 



ijj 



Pa 



f)+ p 7 



(A.4) 



for which (p5|) implies the constraint w,-^, = 0. The latter together with the constraint of 

tracelessness of this SU(2) connection have local solution in terms of an unconstrained non- 
analytic prepotential = e~^(x^,-u^), in terms of which 
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(A.5) 



The only remaining equation for the connection fields is the equation (|36D, which is an identity 
in virtue of the other equations. Namely, acting on ( |A.l ) by 9^ we obtain precisely eq. (36) 
with the connection components written in the forms 



and (|AJ). 

All equations in the CR system therefore allow solution in terms of the unconstrained analytic 
prepotential C'^^, proving our claim. 



B Appendix. The quadratic matrices X^^^X^"^ 

The explicit solubility of the example of section ff^ relies on remarkable properties of matrices 
quadratic in the central coordinates x^^ = x^^ti^T^Consider 



X- 



rj^ 1 I 1 I ^jO^ ^ ^ 



where = 2{x^ x^"*" — x'^^x'^ ). The further matrix 



1 — 2— 2— 2— 

X X —X X 



satisfies the equation = X+ + X' 



This is actually the harmonic derivative of two possible matrices, X~^ , X + , 

Y++ _ f)++ Y+- _ a++ Y-+ . Y+- — X X \ _ X X XX 

— A — O A , A — 1+1- 2+1- 5^ ~ 1-1+ 2-H 

\x^x —x^x J \X X^ —X X^ 

together with which it obeys the algebra 

X++X++ = X+-X++ = X++X-+ = 

X+-X-+ = X-+X+- = 

X++X+- = = -X-+X++ (B.l) 

X+-X+- = -'-^x+- , X-+X-+ = ^x-+ 
x+- -X-+ = -^I. 
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